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Khinchin’s equidistribution theorem

Theorem (Birkhoff ergodic theorem, (1931))

Let (X,B(X), u, T) be a o-finite measure preserving system. For every
1 <p < ooandeveryf € LP(X) there exists f* € LP(X) such that

N
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n=1

» In 1933 Khinchin had the great insight to see how to generalize the
classical equidistribution result by using Birkhoff’s ergodic theorem
and proved that for any irrational § € R, for any Lebesgue measurable
set E C [0, 1), and for almost every x € R, one has

<n<N:
lim #{1<n<N:{x+06n}€E}
N—oo N

= |E‘a

» A famous Bellow problem from the early 1980’s asks whether the same
conclusion holds in Khinchin’s result if we replace n with any
polynomial P(n) with integer coefficients.



Bourgain’s pointwise ergodic theorem
In the early 1980’s Bellow and Furstenberg asked independently about the
poinwise convergence for polynomial ergodic averages

ANf(x Zf T"™Wx)  for x€X,

where P € Z[n] is a polynomial of degree > 1.
» Furstenberg was motivated by the result of Sarkézy: S C Z has positive
upper Banach density, then there are x,n € N such that x, x + n> € S.

» Furstenberg proved norm convergence for Ay and deduced the
polynomial Poincaré recurrence theorem: if ;(X) < oo and E € B(X)
with u(E) > 0, then ;(E N T~""M[E]) > 0 for some n € N.

Bellow and Furstenberg question was very hard. Even for P(n) = n?, since
(n+ 1) —n? = 2n + 1. For overcoming this problem, Bourgain used the
ideas from the circle method of Hardy and Littlewood to show:

» [7(X) boundedness of the maximal function for any 1 < p < oo.

» Given an increasing sequence (N; : j € N), for each J € N one has

(ZH 2 AT = A ) <ol o,



Furstenberg—Bergelson—-Leibman conjecture

One of the central open problems in pointwise ergodic theory (from the mid
1980’s) is a conjecture of Furstenberg—Bergelson—Leibman:
Theorem (Furstenberg—Bergelson—Leibman conjecture)

Let G be a nilpotent group of measure preserving transformations of a
probability space (X, B(X), j1). Let P;; € Z[n] be polynomials and
T,....,T; € Gandfy,...,fn € L®(X). Does the limit of the averages

N
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n=1

exist p-almost everywhere on X as N — 00?

» The norm convergence in L?(X) for the averages (1) was established in
the nilpotent setting by M. Walsh in 2012 .

» Bergelson and Leibman showed that L?(X) norm convergence for (1)
may fail if G is a solvable group.

» The nilpotent setting is probably the most general setting where the
conjecture of Furstenberg—Bergelson—-Leibman might be true.



Recent contribution to the nilpotent setting

Linear and nilpotent variant of the Furstenberg—Bergelson—-Leibman
problem can be summarize as follows:

Theorem (M., Ionescu, Magyar, and Szarek (2021))

Let (X, B(X), ) be a o-finite space and let Ty, ..., T, : X — X be a family
of invertible and measure preserving transformations satisfying

(T, T, ] =1d  forall 1<i<j<k<d.

Then for every polynomials P, ..., P, € Z[n] and every f € [P(X) with
1 < p < oo the averages

converge for p-almost every x € X and in L (X) norm as N — oc.

» One can think that 7, . .., T, belong to a nilpotent group of step two of
measure preserving mappings of a o-finite space (X, B(X), ).



Recent contribution to the bilinear setting
After Bourgain’s pointwise bilinear ergodic theorem for

AP (f g) Zf (T™x)g(T""x) a,beZ

jointly with Ben Kruse and Terry Tao we established the following theorem
Theorem (Krause, M., and Tao, (2020))

Let (X, B(X), u, T) be an invertibe o-finite measure-preserving system, let

P € Z[n] with deg(P ) >2, and letf € [P'(X) and g € L*(X) for some
p1,p2 € (1,00) wzth —|— - = 1]3 < 1. Then the Furstenberg—Weiss averages

N

A, 8)(x) = 3 S AT (T )

n=1

converge for p-almost every x € X and in LP(X) norm as N — oc.

Corollary
For any irrational § € R, for any Lebesgue measurable sets E,F C [0,1)

and for almost every x € R, one has
<n<N:
lim #{1<n<N {x—l—@n]]\»]e E, {x+06P(n)} € F} — |E||F.

N— oo




Key ideas

The proof of pointwise convergence for

N

AYO(f,0)(0) = 5 SO AR

n=1

is quite intricate, and relies on several deep results in the literature:

>
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the Tonescu—Wainger multiplier theorem (discrete Littlewood—Paley
theory and paraproduct theory) — (HA)&(NT);

The circle method of Hardy and Littlewood — (NT);

the inverse theory of Peluse and Prendeville — (CO)&(NT);
Hahn—Banach separation theorem — (FA);

L7-improving estimates of Han—Kova¢-Lacey—Madrid—Yang (derived
from the Vinogradov mean value theorem) — (HA)&(NT);
Rademacher—Menshov argument combined with Khinchine’s inequality
— (HA)&(FA)&(PR);

LP(R) bounds for a shifted square function — (HA);

bounded metric entropy argument from Banach space theory—
(CO)&(FA)&(PR);

van der Corput type estimates in the p-adic fields — (HA)&(NT).



Inverse theorem of Peluse and Prendiville

An important ingredient in the proof is the inverse theorem of Peluse, which
can be thought of as a counterpart of Weyl’s inequality:

Theorem (Peluse, (2019/2020))

Letm > 2 and Py, ..., P, € Z|n|] each having zero constant term such that
degP; < ... < degP,. Let N € Nand § € (0,1) and assume that functions
fosfis -« sfm : Z — C are supported on [—Ny, No| for some Ny =~ N94&Fn,
and || follzo< zy, | filloe z)s - - - 5 (| fnll Lo z) < 1, and suppose that

> 5Ndeng'
Li(z) —

N
1
|5 Do = Pr(n)) -+ folor = Pul))
n=1
Then there are 1 < g < 50 gng §0(1) Ndegh < M < NP1 such that
| M
- > 60(])Ndeng
HM ;fl(x—qu)HLl(Z) ~

provided that N > §—°(1),



Bilinear Weyl’s inequality
In the multilinear theory Weyl’s inequality is inefficient, and inability to

invoke Plancherel’s theorem forced us to proceed differently. We proved the
following bound on minor arcs:

Theorem (M., Krause, and Tao)
Let P € Z[n], degP > 2 and P(0) = 0. Let M< <k = |, yes_ [5 — 27k, “+ 274
be a family of major arcs corresponding to ¥.<,. If functions f, g € Ve () and
1. either f vanishes on M, < —ktuy
2. or g vanishes on M<,, < _dk+u,, then we have
2k
|2 s = mat— P, S K e el
n=1

This theorem is the core of our argument and its proof is quite intricate, and
relies on several deep results in the literature, including:

» the Ionescu—Wainger multiplier theorem (discrete Littlewood—Paley theory);
> the inverse theory of Peluse and Prendeville;
» Hahn—Banach separation theorem;

> [’-improving estimates of Han—Kova¢-Lacey—Madrid—Yang (derived from the
Vinogradov mean value theorem).



Quantitative polynomial Szemerédi’s
Let rp,, . p,(N) denote the size of the largest subset of {1, ..., N} containing
no configuration of the form x, x + Py(n), ..., x + P,(n) with n # 0.
» Berglson and Leibman showed proving polynomial multiple recurrence
theorem that

rpy,...pn(N) =op,, .. p,(N),
whenever Py, ..., P, € Z[n] and each having zero constant term.

Theorem (Gowers (2001), higher order Fourier analysis)

IfPi(n) =n,...,P,(n) = (m — )n for every m € N then there is ,, > 0
such that N
NS —uo—.
rPla~~-7Pm( )N (IOgIOgN)PY’"

» No bounds were known in general for the polynomial Szemerédi’s
theorem until a series of recent papers of Peluse and Prendiville.

> Peluse showed that there is a constant yp,,._p, > 0 such that

N
loglog N)Vi--Fm

rPlv-“va(N) §P1,4..,Pm (

answering a question posed by Gowers.



Commutative Furstenberg—Bergelson—Leibman conjecture

Ongoing project (Krause, M., Peluse, and Wright (2021))

Let (X, B(X), ) be a probability space equipped with commuting invertible
measure-preserving maps T4, ..., Ty : X — X. Consider Py, ..., P; € Zn]
with distinct degrees and f, . . ., fi € L™ (X). It is expected that the averages

AN ) (x Zfl T x) ST )

converge for u-almost every x € X.

» There is some hope in the case when T} = ... =T, = T.
» We also have made some progress for the following averages

- Zf Tn Tn

that correspond to the “squorners D (x,y), (x +n,y), (x,y +n?) € Z2,
as well as to the following equidistribution result for a, € R\ Q:

. #{1<n<N:{x+an} €E{x+pn’} €F}
N oo N

= |E[|F].




Riesz decomposition
» Let Uy : L*(X) — L*(X) be the operator associated with T defined by
Ur(x) = f o T(x) = f(Tx).
It is easy to see that for any fi, /> € L*(X, )
(Uh, Urh) = {(fi.f2),
we have hence Ur is an isometry on L2(X, p1).

» Let us define
Ir={fel’(X):foT =f}.

Lemma
For every o-finite measure-preserving system (X, B(X), u) one has

LX) =1;®J7,

where
Jr={goT-g:gec*X)},

and Jr is the closure of Jr in L*(X).



Proof of Riesz decomposition

Proof.

The proof will be completed if we show that I = J7-.

» For the inclusion ‘C’ observe that if Uzf = f then we have

<f> UTg - g> - <UTf7 UTg> - <f>g> = Oa

hence I C JF.

» For the opposite inclusion ‘2’ note that if f € J7 then for all g € L>(X)
we have

<UTgaf> = <g7f>a
hence U7f = f. Therefore, f = Urf since

1Uzf = Fllz0 = WUf 22y = (U o f) = & Unf) + 112 x)
= 2|fll72 ) — (Usfof) = (f, Usf,) = 0.

This completes the proof of the lemma. O




von Neumann’s ergodic theorem

Now we are able to prove von Neumann’s mean ergodic theorem.

Theorem
Let (X, B, i1, T) be a measure-preserving system then for every f € L*(X) the
averages

|

J— n
Mf) = 5 ST
=
converge in L*(X) to Pf the orthogonal projection in L*(X) of f onto the
space
Ir={fel*X):foT =f}.

Proof.

In view of Riesz decomposition it suffices to prove von Neumann’s theorem
for any function f = f; + f>, where f; € Ir and f, € Jr.

» For fi € Iy our result is obvious since Ayf] = f; for every N € N.



Proof von Neumann’s ergodic theorem

> Iff, € Jrthenfs = go T — g for some g € L*(X) and

1 N
||ANfZHL2(X) = HN Z (gO Tn-‘rl —go Th)

n=1

L*(X)
1 N1 2
= yllee T —go Ty < Slellew 7522 0-
The proof of Theorem 10 is completed.

Question

» What about pointwise almost everywhere convergence for Ayf
whenever f € L*(X)?

> By a general theorem of Riesz we know that norm convergence (or
even convergence in measure) implies convergence pointwise almost
everywhere of Ay, f for certain subsequence (Ni)en C N.



Hardy-Littlewood maximal inequality on Z

Theorem
For a finitely supported function f : 7. — C and for every N € N define

Myf(x) = = > flx—k),

=

which is Ay z.s f with X = 7 and the shift operator S(x) = x — 1. Let

Ey = {x € Z : sup [Mnf(x)| > A}, A>0.
NEN
Then there is C > 0 such that for every A > 0 we have

C C
[Exl < 5 D)l < S Wle@), 2

x€EH

and if 1 < p < oo then

Cp
Mflllozy < —— : 3
Isup M lllerzy < 5 Wllercz) )



Proof of the Hardy-Littlewood maximal inequality on Z
To prove (2) we will use Vitali type argument. Let f > 0 and define

EY = {x € ZN[=N,N] : sup Myf(x) > \}.
NeN
> For every x € EY there is N, € N such that

1 &
My, f(x) = ﬁZf(x—k) > A
* k=1

» Then we see that
N
EA g U Bxa
x€EY

where B, = x + (—Ny,N,) C EY.

> Note that it is easy to find a finite sub-collection of disjoint intervals
{B,,,B.,,...,B,,},such that N,, > N,, > ... > N,, and

J J
U B, € |J3B., = [J(x — 3Ny, x, + 3N,,).
n=1 n=1

N _
n€Ey =



Proof of the Hardy-Littlewood maximal inequality on Z

» The

2 <| U s

N
n€Ey

Xn

J
=3 Z |an .
n=1

» Finally, we obtain

J
EY| < 32|Bx,l|

9J
SXZ Z f(xn—k)
9
)

IA

This completes the proof of inequality (2).



Proof of the Hardy-Littlewood maximal inequality on Z

In the proof of inequality (3) we will use (2). Indeed, by (2), Fubini theorem
and Holder’s inequality we have

oo
Isup My =p [ 207![{x € 2 sup [Myf ()] > A}ax
NeN 0 NeN

<op [0 Y ol

XEE

SUPyeN |MNf(X)‘
NI e\
0

XEZL
9p —1
> W) sup |Myf (x)1

pP= XEZL
9p —1
< Lol sup Maf ()
2 NEN

and the proof is finished. OJ



Calderon transference principle

Theorem
Assume that B C Z such that |B| = co. Let (X, B, p, T) be a dynamical
system with the averages

Avarf ) = apay 2 ST

neBﬁ 0,N]

Let My denote Ay.zs on (Z,P(Z),]| - |,S) with S(x) =x+ 1, i.e.

Muf (x) = |Bm > flatn).

nEBﬁ[O N]
If for some p > 1 there is C, > 0 such that

HISVHIJ\)I IMNFl|lez) < Collf ez, F e "(Z), “)
S

then

II;ug [Anvx il < Gllflvey, — felP(X). ®)
S



Proof of the Calder6n transference principle
Assume that p > 1. Let J,R € N, f € [”(X) and define

. f(Tx) 0<j<J,
F() = T 0=
0 otherwise,

For a fixed N € Nsuchthat ] <N < Randevery 0 <j <J — R we have
1

MyF(j) = ———— F(j+k)

|BN [ ,N]| keg[:o]v}

T1+k
|B N [ Z f
keBm 0,N]
= Ayx 1f(T'x).

Thus for 1 < N < R we have

J—R J—R J—R

X 2 M (PO =3 s [MAFOF < 3 sup MuFOF

20 ISN<R Do ls —o NeN

<] i’/lelg |MNf|||Iép(Z) < CPHFH Cg Z V(zj) L
=0



Proof of the Calder6n transference principle
Thus

_ J
Vi 17 P
S [ s [Awxaf () Paut <ay [ ),

‘=0 Jx1<n<r

Integrating both sides of this inequality, we get

Lr(X)s

R 1/p
(1=5) 71 s vl < o0

taking J — oo we obtain

sup | Ay, o < Gollf I
ngNrg)R‘ N’X7Tf|‘D(X) PHfHIJ(X)

Finally, taking R — oo we have

I ;LelgAN;x,TfHU(X) < Gollfllrx)-

The proof of the lemma is completed.



Birkhoff’s ergodic theorem

To establish that for every 1 < p < oo and every f € LP(X) there exists
f* € LP(X) such that

N
Jim Avrf () = Jim 34 =1 ©)

one can proceed in two steps:

> Step 1. Quantitative version of ergodic theorem

IsuplAnx flllre) S 1 lle - for - p & (1, 00]. Q)
Ne

p({xeX: ZSVUIR’JAN;X,Tf(x)\ > A SA U flpey for p=1. (8)
S

The bounds in (7) follow from the Hardy-Littlewood maximal
inequality

N
1
il - < p(x), T € (1,00],
H;gg N ;f(x n)’HMZ) S e or pe€ (1,00
which is Ay z s f with X = 7 and the shift operator S(x) = x — 1in (6).

> Step 2. Pointwise convergence on a dense class of functions in L” (X).



Convergence on a dense class

() = 1 DA

> I ={fel*)X):foT =f}. Iff € Ir, then
Anf =1,
p-almost everywhere.
> Jr={goT—g:gcL*(X)NL>(X)}. If f € Jr, then by telescoping
1w 1
AN @] = | D 8T ) —g(T")| = < |e(TV*1x) = g(T)| 2 0.

n=1

» I; @ Jris dense in L?(X) by Riesz decomposition.



All together: pointwise convergence in L (X)
» Our aim will be to show that for any f € L?(X) one has

p({x € X : (An,x,7f(x))nen is not a Cauchy sequence}) = 0.

» Since Iy ® Jr is dense in L?(X) we can find (f;),en C Iy @ J7 so that

[fn = Fllzxy == 0, and lim v—s o0 [Amsx 1 (x) — Anyx, rfa(x)| = 0 for
1 almost every x € X.

» Suppose for a contradiction that there is § > 0 such that
o <p({xeX Hlim sup [Awix,zf (x) — Anix,zf (x)] > 6})
,N— o0

< p({x € X :sup |[Anx,7(fu —f)(x)| > 6/2}).
NeN

> By the maximal inequality || SuPNeNlAN;X,Tf|||L2(X) < ||f||L2(X) and
Chebyshev inequality we obtain a contradiction, since one has

C2
5 < ul{r & X sup v~ )| > 3/2)) < G5 s =y s O

» For p # 2 we repeat the argument using the fact that L?(X) N L7 (X) is
dense in I7(X) forany 1 < p < co.



Bourgain’s pointwise ergodic theorem

In the early 1980’s Bellow and Furstenberg asked independently about the
poinwise convergence for polynomial ergodic averages
|
AJI\),;Xny(x) =5 Zf(TP(")x) for xeX,

n=1
where P € Z[n] is a polynomial of degree > 1.

Bourgain used the circle method of Hardy and Littlewood to show:

» [P(X) boundedness of the maximal function for any 1 < p < o0, i.e.

| ;IGIIR)IMZ;X,TJC‘ xS Hf”u(x) for p e (1,00].

» Given an increasing sequence (N; : j € N), for each J € N one has

1/2
(Z H bup NX f = AQ;X,Tf‘ H;(x)) < 0(‘]1/2)||f“L2(X)~

N;<N<N,



Oscillation inequality for Birkhoff’s operators

Recall that
N

Avixaf () = 3 YS(T)

n=1
Fix 7 € (1,2] and define A = {|7¥] : k € NU {0}}. Let (k;);en be an

increasing sequence and set N; = [7%].

Theorem
Let (X, B(X), u, T) be a measure-preserving system then for every J € N

there is C; > 0 such that we have
J

Sl sw o JAvaf = Ayt |l < Ol R, ©)
=0 NEANWN;Ni+1]

and lim;_, o, C;/J = 0. In particular, for every f € L*(X) there exists
f* € L*(X) such that

NILHDIOAN;X,Tf(x) =f"(x),

for p-almost every x € X.



Proof of the oscillation inequality for Birkhoff’s operators

» Repeating the same argument as in the proof of transference principle it
only suffices to work with (Z,P(Z), | - |, S) with S(x) = x — 1. Then
N
1 2
Avsf() = Myf(x) = & > flx—n) =Ky f(x),  f€L(Z),

n=1

where
| &
Kn(x) = & ; S(x), x€Z
» By the bounds for the Hardy-Littlewood maximal function

| sup |Mufllerz) S Wfller(z)
NeN

one can assume that f € ¢2(Z) N ¢>°(Z) and f > 0 is finitely supported.
» For f € ('(Z) let us denote by

F©) =3 (n),

ne”z

the discrete Fourier transform on Z and let F~! be its inverse.



Proof of the oscillation inequality for Birkhoff’s operators

> One can see that Myf(£) = Ky(€)F (€), where
L
2 § 27in,
KN(g):Nn:1€ 5

> LetBj={xe (—1/2,1/2): x| < Nj_l}. By Plancherel’s theorem

J

ZH sup |f71((kN_kM)]lBj+1f)|H§2

=0 NEAN®;Nj]

J
< Z Z H]:il( KN *KN ]13+1f)||£2

J=0 NEAN(N;,Nj11]

J
= H Z]le Z Ky — KN/'FHLMWH%Z'
j=0

NEAN(N;Njt1]



Proof of the oscillation inequality for Birkhoff’s operators
» For N € AN (Nj,Nj11] we have

[Kn () — K, ()] S IEIN,

hence

Dolga©) Y K& - K (©)P
j=0

NEAN(N;,Nj41]

J
SEPY 1s,,0 D>, N
j=0

NeAN(N;,Nj1]
2
< [l Z N S
JN <[E!
Therefore, we obtain

J

Z H sup |f_1((kN - f(N/ +1f ’ng ~ “f”ez

=0 NEAN®;Njt]



Proof of the oscillation inequality for Birkhoff’s operators

> Similar for B}, replacing kNj by f(Nj ., under the supremum, we can
estimate

J

SO sup  |FT (R — ) Lg) [

=0 NEANN;Nj1i]

J
S Z Z H]:_] ((IA(NHI - kN)ﬂBff) ‘iz

J=0 NEAN[N;,Njt1]

J
T N
j=0

NEAN[N;Nj1]

Now for N € A N[N, Nj;.1] we obtain

|f(N/+1(§) _IA(N(f)l 5 |€|_1N_1



Proof of the oscillation inequality for Birkhoff’s operators

» Thus

Doup©) Y K () - Kn(©OF
j=0

NEAN(N;,Njt1]

J
S |§|72213;(§) Z N2
j=0 NEAN(N;,Njt1]
Sk Y NS
N> [€1!

Therefore, we conclude

J

Z sup | F ' ((Ky _f(Nj)]lef)‘Hiz Sl
—0 NEAN(N;,Nj11]



Proof of the oscillation inequality for Birkhoff’s operators

» Finally, for p = 2 we obtain

R R 2
H sup |7~ ((Ky — KN,')]IB,']IB,‘-;]JC”

=0 | NEANN;Nj11]

52
J A~
S NF (s, HIE < I3
j=0

» Hence

J
Z H NEAri?NpN ] |AN;X’Tf 7ANJ'?X7Tf|HiZ(x) S CJ“inZ(X),
Jj=0 /jsNj+1

» In fact we have proved that C; is constant. The proof of (9) is
completed.



How oscillations imply pointwise convergence

» By the maximal inequality for p = 2 we can assume that f € L*(X) is
bounded and ||f ||, x) < 1.

» Suppose for a contradiction that (Ay.x 71 (x))ven does not converge.
Then there is € € (0, 1) such that

p({reX: Bm sup |Apx,rf (x) — Ansx,of (x)] > 8¢}) > 8e.

N—oo

» Thus there exists (k;)jen such that

p{xeX: sup |Anxaf(x) — Anxrf(x)] > 4e}) > 4e,
N;<N<Njt1

where N; = |75 ] and 7 = 1 + £/4.
> If 75| < N < |7%*!] then

R~ N
‘AN;X,Tf _Al_TkJ;X,Tf| =% Z f(Tnx) - k Zf(Tnx)
N n=|7*]+1 NS
2N —|7F])  47k(r—1) 4
< < —
>~ N — Tk + 7-k

for k > ko, since we can always arrange ko to satisfy 7% < ¢/4.

4
=41 — 1)+ — <2,
T



How oscillations imply pointwise convergence

» Therefore, we obtain that

p({xeX: sup  |Ayxrf(x) —Anxof(x)] > e}) > e
NEAN(N;,Nj+1]

» Now applying oscillation inequality we obtain that

J

1 2 _
0 < 53 S sup |AN;X,Tf _AI\//;X,Tf‘ HLZ(X) S J ICJHf”iZ(Xy

=0 H NEAN(N;,Njt1]

~

but it is impossible since, the right-hand side tends to 0 as J — oo.

> This proves the pointwise convergence of Ay.x 7f on L*(X) and
completes the proof.



Dzigkuje!



